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Abstract
A democratic form version of the Rosner–Worah quark mass matrix
is discussed from a phenomenological point of view. It is pointed out
that an ansatz of “maximal CP violation” can provide reasonable values
of the Kobayashi-Maskawa mixings.
To be pubulished in Phys. Rev. D.
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Recently, the authors [1] have determined, without taking any numerical
expression, the general form of up- and down-quark mass matrices (Mu,Md) which
are consistent with the present data on the quark masses mq and the Kobayashi-
Maskawa (KM) [2] mixing matrix V as follows:
Mu = U
†
0DuU0 , Md = U
†
0M̂U0 , (1)
Du ≡

u1 0 0
0 u2 0
0 0 u3
 ≡ u3

r1uλ
8 0 0
0 r2uλ
4 0
0 0 1
 , (2)
M̂ ≡ V DdV † ≃ d3

(r1d + r2dv
2
1
)λ4 r2dv1e
iφ̂12λ3 v3e
−iφ̂31λ3
r2dv1e
−iφ̂12λ3 r2dλ2 v2eiφ̂23λ2
v3e
iφ̂31λ3 v2e
−iφ̂23λ2 1
 , (3)
where
v1 ≡ |Vus|/λ , v2 ≡ |Vcb|/λ2 , v3 ≡ |Vub|/λ3 , w ≡ (|Vcd|2 − |Vus|2)/λ6 , (4)
r1d ≡ (d1/d3)/λ4 , r2d ≡ (d2/d3)/λ2 , (5)
U0 is an arbitrary unitary matrix, (u1, u2, u3) and (d1, d2, d3) denote quark masses
(mu, mc, mt) and (md, ms, mb), respectively, and the parameters v1, v2, v3, w, r1u,
r2u r1d and r2d are of the order of one. In the expression (3), we have denoted
only the first leading term for each matrix element. The parameter w is needed in
description of the higher order terms.
The expression (3) has been derived from a general property for 3×3 Hermi-
tian mass matrix model: in a quark basis in which up-quark mass matrix Mu takes
a diagonal form Mu = Du, the seven independent parameters in the down-quark
mass matrix Md = V DdV
† ≡ M̂ , i.e., M̂11, M̂22, M̂33, |M̂12|, |M̂23|, |M̂31|, and
φ̂ ≡ φ̂12 + φ̂23 + φ̂31 , (6)
(φ̂ij are phases [3] of the matrix elements M̂ij) can completely be determined by
the three down-quark masses (d1, d2, d3) and the four independent KM matrix
parameters (4) (it is convenient [4] to take a set of the parameters α ≡ |Vus|,
β ≡ |Vcb|, γ ≡ |Vub|, and ω ≡ |Vcd|2 − |Vus|2 as the four independent KM matrix
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parameters). Note that in order to determine the matrix M̂ we do not need the
knowledge of top quark mass.
It should be noticed that we have used only the experimental facts [5] that
|Vus| ∼ λ, |Vcb| ∼ λ2, and |Vub| ∼ λ3 and md/ms ∼ ms/mb ∼ O(λ2), and we have
not used the explicit values of |Vij| and (d1, d2, d3), because the current values of
those are estimated model-dependently at present [6].
The matrix M̂ , (3), shows M̂33 ≫ M̂22 ≫ M̂11, M̂22 ∼ M̂23 and M̂12 ∼ M̂31.
As stated below, when we transform such a mass matrix M̂ into a democratic form
[7], we can find some interesting relations among quarks and KM matrix elements
by putting an ansatz for violation of the democratic form on it.
The transformation of an Hermitian matrix M˜ , where M˜ij ≡ m˜ijeiφ˜ij , into a
democratic type form M is generally given by the transformation matrix A
A ≡

1√
2
− 1√
2
0
1√
6
1√
6
− 2√
6
1√
3
1√
3
1√
3
 , (7)
as follows:
M ≡ A†M˜A = m˜33X + m˜22(−X + Y + Z) + m˜11(1− Y − Z)
+
1√
2
m˜23
[
c˜23(−X + 2Y − Z) + s˜23F (pi
2
)
]
+
1√
3
(m˜12c˜12 +
√
2m˜31c˜31)K +
1√
3
(m˜12s˜12 −
√
2m˜31s˜31)L
+
1√
6
[√
2m˜12G(φ˜12)− m˜31G(−φ˜31)
]
, (8)
where 1 is the 3× 3 unit matrix,
X =
1
3

1 1 1
1 1 1
1 1 1
 , Y = 12

1 1 0
1 1 0
0 0 0
 , Z =

0 0 0
0 0 0
0 0 1
 ,
3
K =

1 0 0
0 −1 0
0 0 0
 , L =

0 i 0
−i 0 0
0 0 0
 ,
F (δ) =

0 0 eiδ
0 0 eiδ
e−iδ e−iδ 0
 , G(δ) =

0 0 −eiδ
0 0 eiδ
−e−iδ e−iδ 0
 , (9)
c˜ij = cos φ˜ij and s˜ij = sin φ˜ij.
We assume that when the democratic form X is broken by some addi-
tional terms, the mass matrix still reserves partially its democratic form such as
M11 = M22 = M12 = M21. The ansatz of “partial conservation of the democratic
form” requires absence of 1-, K- and L-terms. The absence of 1-term leads to the
constraint
m˜11 = 0 . (10)
The absence of K- and L-terms leads to the constraints
φ˜12 + φ˜31 = pi , (11)
and
m˜12 =
√
2 m˜31 . (12)
Then, the general form (8) becomes a simple form
M ≡ A†M˜A = m˜33X + m˜22(−X + Y + Z)
+
1√
2
m˜23
[
c˜23(−X + 2Y − Z) + s˜23F (pi
2
)
]
+
√
3
2
m˜12G(φ˜12) . (13)
First, in order to give a rough sketch of the model, we apply the ansatz
((10)–(12)) to the mass matrix A†M̂A. The constraint (10) gives the well-known
prediction [8] r1d + r2dv
2
1
≃ 0, i.e.,
|Vus| ≃
√
−d1/d2 ≃ 0.22 . (14)
The constraint (12) provides the relation v1r2d ≃
√
2 v3 [9], i.e.,
|Vub| ≃ 1√
2
|Vus| d2
d3
≃ 0.0044 . (15)
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For the λ2-terms (m˜12- and m˜31-terms), the simplest assumption which ac-
cords with the ansatz of “partial conservation of the democratic form” will be
Tanimoto’s ansatz [10]: the democratic type mass matrix is broken by a “par-
tially” democratic type matrix Y (in other words, we assume that the absence of
Z- and F (pi/2)-terms). The ansatz means
m˜22 = m˜23/
√
2 , (16)
with
φ˜23 = 0 . (17)
For A†M̂A, the constraint (16) leads to the prediction r2d ≃ v2/
√
2, i.e.,
|Vcb| ≃
√
2d2/d3 ≃ 0.040 . (18)
By combining the results (15) and (18), we can obtain a successful relation
∣∣∣∣VubVcb
∣∣∣∣ ≃ 12 |Vus| ≃ 0.11 . (19)
The successful predictions (14), (15), (18) and (19) suggest that the following
quark mass matrix form is favorable to the observed data:
Mq =
1
3
aq

1 1 1
1 1 1
1 1 1
+ 12bq

1 1 0
1 1 0
0 0 0
+ cq

0 0 −eiδq
0 0 eiδq
−e−iδq e−iδq 0
 . (20)
The form (20) is equivalent to the form
M˜q ≡ AMqA† = aq

0 0 0
0 0 0
0 0 1
+ 13bq

0 0 0
0 1
√
2
0
√
2 2

+
√
2
3
cq

0
√
2eiδq −eiδq√
2e−iδq 0 0
−e−iδq 0 0
 , (21)
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which has been proposed by Rosner and Worah [11] from a composite model of
quarks. The democratic form (20) was first proposed by Koide [7] from the phe-
nomenological study of the mass matrix A†M̂A, but he did not mention anything
about the phase parameters δq. Matumoto [12] has pointed out that in the demo-
cratic form (20) the choice δ ≡ δu − δd = pi/2 is the most favorable to the exper-
imental data. As pointed out by Rosner and Worah and by Matumoto, indeed,
only when δ ≡ δu − δd ≃ pi/2, we can get the satisfactory predictions
|Vus| ≃
√
−d1
d2
+
−u1
u2
, (22)
|Vcb| ≃
√
2
(
d2
d3
− u2
u3
)
, (23)
|Vub|
|Vcb| ≃
1
2
|Vus| ≃ 0.11 . (24)
Although Rosner and Worah, and Matumoto found that the choice δ =
pi/2 is favorable to the data, they did not give any plausible explanation of the
reason why δ takes pi/2. They have chosen the value of δ by hand such that the
prediction of |Vus| shows a reasonable value compared with the experimental value
[5] |Vus|exp = 0.2205± 0.0018.
Note that we can choose values of the phase parameters δu and δd indepen-
dently of the quark masses ui and di, respectively. The value of δ ≡ δu − δd affects
only the predictions of Vij, so that it does the predictions of the rephasing-invariant
quantity J [13], which is a measure of CP nonconservation.
Now we put an interesting ansatz which leads to the choice δ ≃ pi/2. In
the model (20) (or (21)) the rephasing-invariant quantity J is exactly given by the
form
J = C0 sin δ(1 + C1 cos δ) , (25)
where C0 and C1 are expressed approximately by
C0 ≃ 3
√−u1
u2
√
−d1
d2
(
d2
d3
− u2
u3
)2
, (26)
C1 ≃ 1
3
√−u1
u2
√
−d1
d2
(
u2/u3
d2/d3
)
. (27)
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We require that the phase parameter δ ≡ δu− δd takes such a value δm as |J | takes
maximal value at δ = δm. Then, the values δm is given by
cos δm =
1
4C1
(
1−
√
1 + 8C21
)
≃ −C1 . (28)
For the numerical values [6] u1/u2 ≃ −0.0039, d1/d2 ≃ −0.050, u2/u3 ≃ 0.0042
and d2/d3 ≃ 0.028, we can obtain C0 ≃ 2.3 × 10−5 and C1 ≃ 0.80 × 10−3 from
the direct evaluation of J without using the approximate reltations (26) and (27).
The value of C1 leads to δm ≃ (90 + 0.049)◦. Thus, the ansatz of the maximal CP
violation leads reasonably to the choice of δ ≃ pi/2.
However, it should also be noted that the case of δ = pi/2 does not mean
the case of φ̂ = pi/2 which corresponds to the case of model-independent “maximal
CP violation” where |J |max is given by [4]
|J |max = αβγ
√
1− α
2
1− γ2
√
1− β
2
1− γ2 , (29)
where α ≡ |Vus|, β ≡ |Vcb| and γ ≡ |Vub|, which are fixed at the observed values.
Since the rephasing-invariant quantity J in the expression (3) is given by
J =
|M̂12||M̂23||M̂31|
(d3 − d1)(d3 − d2)(d2 − d1) sin φ̂ ≃ λ
6v1v2v3 sin φ̂ , (30)
the comparison with (25) leads to the relation
sin φ̂ ≃ 3
√√√√−u1/u2
−d1/d2 sin δ ≃ 0.836× sin δ . (31)
Note that in the limit of u1/u2 = 0 the rephasing-invariant quantity J becomes
vanishing.
Also note that in this model the sizable value of sin φ̂ comes out only when
the up-quark mass matrix Mu is given by the form (20) as well as Md. If we take
M̂u = Du (so that Mu ≡ A†M̂uA cannot become the type (20)), then, from (11)
and (17) we obtain φ̂12 + φ̂31 = pi and φ̂23 = 0, respectively, so that we would
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meet with a wrong result sin φ̂ = 0. It is essential that the ansatz is applied not
to (A†DuA,A†M̂A) in which Du does not take a same structure with M̂ , but to
(A†M˜uA,A†M˜dA) in which M˜u ≡ R†DuR takes a same structure with M˜d ≡ R†M̂R
by choosing a unitary matrix R suitably.
Therefore, by introducing a small rotation R ≡ R(θ1, θ2, θ3;χ) with θ1 =
t1λ
4, θ2 = t2λ
6 and θ3 = t3λ
2, where R(θ1, θ2, θ3) is defined by
R(θ1, θ2, θ3;χ) =

c3c2 s3c2 s2
−s3c1eiχ − c3s1s2 c3c1eiχ − s3s1s2 s1c2
s3s1e
iχ − c3c1s2 −c3s1eiχ − s3c1s2 c1c2
 , (32)
(ci = cos θi and si = sin θi), we transform (Du, M̂) into (M˜u, M˜d):
M˜u ≡ R†DuR = u3

(r1u + r2ut
2
3
)λ8 −r2ut3λ6 (−t2 + t3t1e−iχ)λ6
−r2ut3λ6 r2uλ4 −t1e−iχλ4
(−t2 + t3t1eiχ)λ6 −t1eiχλ4 1
 , (33)
M˜d ≡ R†M̂R = d3

(r1d + r2dv
2
1
)λ4 r2dv1e
iχ12λ3 v3e
−iχ31λ3
r2dv1e
−iχ12λ3 r2dλ2 v2eiχ23λ2
v3e
iχ31λ3 v2e
−iχ23λ2 1
 , (34)
where χ12 = φ̂12+χ, χ31 = φ̂31, and χ23 = φ̂23−χ. Here, we have denoted only the
first leading term for each matrix element. In the matrix elements (M˜d)11, (M˜d)12
and (M˜d)31, the next leading terms are decreased only by a factor λ (and not λ
2)
differently from other matrix elements. The more detailed expressions of (M˜d)11,
(M˜d)12 and (M˜d)31 (in unit of d3) are as follows:
(M˜d)11 = (r1d + r2dv
2
1
)λ4 − 2 cosχ12r2dv1t3λ5 + · · · , (35)
(M˜d)12 ≡ m˜d12eiφ˜
d
12 = r2dv1λ
3
(
eiχ12 − t3λ
v1
)
+ · · · , (36)
(M˜d)31 ≡ m˜d31eiφ˜
d
31 = v3λ
3
(
eiχ31 − v2t3λ
v3
e−iχ23
)
+ · · · . (37)
Note that φ˜d
12
+φ˜d
31
+φ˜d
23
6= φ̂12+φ̂31+φ̂23, although χ12+χ31+χ23 = φ̂12+φ̂31+φ̂23.
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The requirement (M˜u)11 = 0 leads to t3 ≃ ±
√
−r1u/r2u, and the requirement
(M˜d)11 = 0 leads to
|Vus| ≃
√
−d1
d2
± cosχ12
√
−u1
u2
. (38)
By putting (36) and (37) into the constraints m˜d
12
=
√
2 m˜d
31
and φ˜d
12
+ φ˜d
31
= pi,
we can again obtain the relation (31), where we have used cos2 χ12 ≪ 1 which is
phenomenologically required from (35).
In conclusion, by suggested from the quark mass matrix form (3) which was
determined phenomenologically, we have reached a democratic type quark mass
matrix form (20), which is equivalent to the Rosner–Worah quark mass matrix
(21). We have pointed out that the ansatz of “maximal CP -violation” can lead to
the choice of δ ≃ pi/2, which is needed in order to provide reasonable predictions
of |Vij| in the model (20).
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